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In� ow Boundary Conditions for Hybrid Large Eddy/Reynolds
Averaged Navier–Stokes Simulations
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and

R. A. Baurle§

Taitech, Inc., Beavercreek, Ohio 45430-1065

In� ow boundary conditions are developed for hybrid large-eddy simulation (LES)/Reynolds-averaged Navier–

Stokes approaches. They are based on an extension of the rescaling-reintroducing method developed for LES to a
hybrid scheme. A blending function is used to shift the turbulence closure from a k–³ model near the wall to a k–¢

subgrid-scale model away from the wall. The approach was tested for a � at plate and then applied to the study of
a 25-deg compression–expansion ramp for a Mach number of 2.88 and a Reynolds number of 3:24 ££ 107 /m. In
general, improvements over the k–³ model were noted in the recovery region. The signi� cance of this work is that
it provides a way for LES methods to address � ows at a high Reynolds number.

Nomenclature
k = turbulent kinetic energy, m2/s2

p = pressure, N/m2

T = temperature, K
U = mean velocity in x direction, m/s
u = instantaneousvelocity in x direction, m/s
u¿ = friction velocity, m/s
x , y, z = coordinate directions in physical space, m
®1 = model constant
0, 01 , 02 = blending functions
1, 1m , 1v = grid cell size, m
± = boundary-layer thickness,m
³ = enstrophy,1/s2

º = laminar kinematic viscosity, m2/s
ºt = turbulent kinematic viscosity, m2/s
½ = density, kg/m3

¿w = wall stress, N/m2

Subscripts

inf = in� ow station
rec = recycle station
t = turbulence
w = wall
1 = freestream

Superscripts

inn = inner region
out = outer region
00 = � uctuations
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Introduction

R ECENT attempts at coupling large-eddy simulation (LES)
approaches with Reynolds-averaged Navier–Stokes (RANS)

solversto overcomeresolutionissuesin the near-wall regionsat high
Reynolds numbers have focused on blending of the two schemes,
for example, Refs. 1–7. In most cases the boundary conditions em-
ployed consisted of traditional RANS boundary conditions with
imposed random � uctuationsthat can recover the turbulent stresses.
It became clear later8¡10 that such boundary conditions only work
well in situationswhere there is a clear demarcationbetween regions
treated as LES (such as free-shear layers and massive separation
zones) and those treated as RANS (such as near-wall � ows). When
a clear geometric demarcation does not exist between the two re-
gions, which is the case in shock-wave/boundary-layerinteractions,
a different approach is needed. To avoid discarding the resolvable
component of turbulent kinetic energy in � ne grid regions, Batten
et al.9 proposedthe use of threeadditionalstochasticpartialdifferen-
tial equationsfor the velocity� uctuations.Arunajatesanet al.10 used
an interface region in which the RANS boundary layer was trans-
formed into an LES boundary layer using the recycling method of
Urbin and Knight.11

It appears that in order for hybrid LES/RANS approaches to per-
form for general � ows of interest appropriate boundary conditions
for hybrid schemes must be compatible with both LES and RANS
approaches. Imposing random � uctuations that reproduce turbulent
stresses on RANS boundary conditions is not a viable approach be-
cause the resulting � uctuations are not consistent with the Navier–
Stokes equations.Moreover, the procedurerequiresa long transition
region to develop large-scale � uctuations.Because of this, attention
is focusedhere on extendingthe rescaling-reintroducing procedures
developed for LES and DNS applications in Refs. 11–13 to hybrid
LES/RANS schemes. The extension is carried out in such a way
so as to be used with any RANS model. It is illustrated here using
the k–³ model14 and in Ref. 15 using Menter’s supersonic transport
model.16

Rather than use a variation of approaches suggested in Refs. 1
and 2, the zonal approach developed by Fan et al.6;8 is employed.
This approach utilizes a blending function that, depending on the
� ow properties,shifts the model from RANS behaviornear the wall
to LES behavior away from the wall. The use of the k–³ RANS
model was motivated by the desire to use a blending function that
has no explicit dependenceon the wall distance. As can be noted in
Ref. 14, the k–³ model does not employ wall or damping functions
and is coordinate-systeminvariant.

The in� ow boundary conditions are developed � rst for a
LES/RANS hybrid scheme using supersonic � ow over a � at plate
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and then applied to the 25-deg compression–expansion ramp of
Zheltovodov et al.17 Experimental data for this case were taken
from Settles and Dodson.18

Approach
In� ow Boundary Conditions

The proposed in� ow boundary conditions are a particular exten-
sion of a rescaling-reintroducing proceduredevelopedfor LES sim-
ulations of compressible � ows in Ref. 11. In many baseline experi-
ments for testing the capability of high-speed turbulence models,18

the in� ow boundary layer is developed over a � at plate ahead of
the various models. Thus, a procedure to provide turbulent in� ow
boundary conditionsover a � at plate will have a wide range of pos-
sible applications.

The procedure of Ref. 11 consists of the following steps:
1) Extract mean values and � uctuating quantities from a down-

stream station, called the recycle plane.
2) Based on boundary-layersimilarity, rescale the precedingval-

ues to account for boundary-layergrowth.
3) Introduce the rescaled values at the inlet station as an updated

boundary condition.
The hybrid approach differs from the LES approach of Ref. 11

by the existence of two additional equations for k and ³ and the
existence of a blending function connecting LES and RANS clo-
sures. Thus, new and consistent similarity laws have to be derived
to rescale all � ow variables.

The developmentwill proceedin two steps.The � rst addressesthe
velocity scaling for constant-wall and adiabatic-wall temperatures
and is essentially identical to that of Ref. 11. The second is a new
procedure, which addresses the scaling of the remaining variables:
the density ½, the temperature T , the turbulent kinetic energy per
unit mass (variance of velocity � uctuations) k, and ³ the enstrophy
(variance of vorticity � uctuations). Extension to other turbulence
models is straightforward by utilizing relations among ³ and other
turbulent quantities.

Let u.x; y; z; t/ denote the instantaneous velocity in the
x-direction. It can be decomposed into two components:

u D U .x; y/ C u00.x; y; z; t/ (1)

U D 1
t f ¡ ti

Z t f

ti

hui dt (2)

where u 00 is the instantaneous � uctuation. The operator h¢i stands
for the average over the (assumed homogeneous) z direction. The
multilayerscalingof a compressibleboundary layermakes use of an
effective velocity developedby van Driest.19 The effective velocity
is related to U by the relation
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r is the recovery factor, ° is the ratio of speci� c heats, and the
subscript aw refers to adiabatic wall, respectively.

By using the effective velocity, the similarity laws in the inner
and outer regions can be written as

uinn
eff D u¿ f1.yC/; yC D yu¿ =ºw (5)

u1
eff ¡ uout

eff D u¿ f2.´/; ´ D y=± (6)

where y is the distancenormal to the wall. The velocity � uctuations
are related by
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Similar relations hold for the other velocity components.
The complete velocity � uctuation � eld is represented as the

weighted average of inner and outer values and is given by11;13

u00
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The variables ¯ and ±rec=±inf are derived in Ref. 11 from a power
law u=u1 D .y=±/1=9 and are adopted here. Thus
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where L is the distance between in� ow and recycle planes.
We consider next the remaining in� ow variables. Based on

Morkovin’s hypothesis,20 the pressure � uctuations at moderately
high-speed � ows are negligible.Hence, the pressure at in� ow is set
equal to the freestreampressure p1. Thus, for this case the equation
of state gives the density as a function of temperature. Therefore,
we need to develop scaling laws for k, ³ , and T .

In the log–law region the convective, molecular diffusion, and
viscous terms can be neglected. In this case the exact momentum
and energy equations [see Eqs. (5.48) and (5.49) in Ref. 21] reduce
to
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where ¹t and Prt are the turbulenteddy viscosity and Prandtl num-
ber, C p is the speci� c heat at constant pressure, ¾k is a model
constant,14 and qw is the wall heat � ux. For an insulatedwall qw D 0,
and Eq. (14) reduces to
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Thus, because Qu scales with u¿ , k and QT ¡ Tw will scale with u2
¿ . If

qw is not zero, then Eqs. (13) and (14) give
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then, qw scales like u3
¿ .
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Integration of Eq. (16) yields
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where
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(19)

and aw is the speedof soundevaluatedat the wall temperature.Thus,
in the inner region the scaling laws are
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The turbulent eddy viscosity in the log–law region is given by

ºt D ·u¿ y; · D 0:4 (23)
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In the outer region it is assumed that
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Based on Wilcox’s analysis of the outer region [see Eq. (4.162) of
Ref. 21], k and ³ scale like
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Though this procedure accounts for the rescaling of both mean
and � uctuatingcomponents,we have found that rescalingmean val-
ues can be problematic for high-Reynolds-number� ows, as “drift”
in boundary-layerproperties can occur over time, leading to a fail-
ure to reach a statistically stationary state. A similar observation
was made independently in Ref. 22, who tested several rescaling-
reintroducing techniques for compressible � ows and found that all
exhibited boundary-layerdrift to varying degrees. Our solution, as
well as that of Ref. 22, is to obtain mean velocity and tempera-
ture pro� les at the in� ow plane from a separate source, such as a
RANS solver or a boundary-layercode, and recycle only the � uctu-
ation � eld. The current rescaling-reintroducing method can be thus
summarized as follows:

1) Fix the mean pro� les of velocityand temperatureat in� ow. The
mean static pressureis set at p1, and the mean density is determined
from the equation of state.

2) Extract � uctuationsof velocity, temperature,and density at the
recycle station.

3) Rescale the � uctuations according to the preceding scaling
laws, and superimposethem at every time step onto the mean in� ow
pro� les.

4) Rescale and recycle both mean and � uctuating values of k and
³ according to the preceding rules.

Turbulent Closure
The LES/RANS hybrid scheme is similar to the that developedin

Refs. 6 and 8. The k equation in the k–³ model can be written as14
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In this model the RANS kinematic eddy viscosity ºt;RANS is given
by Eq. (24), whereas the LES kinematic eddy viscosity is de� ned
as

ºt;LES D Cs

p
k1 (30)

where
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1 D 1v D .Vcell/
1
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In this, 1x is the mesh spacing in the x direction,etc.; Cs is a model
constant; and Vcell is the local cell volume. If the dissipation term in
the LES region is chosen as
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k

3
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where Cd is a model constant, then the k equation for the hybrid
LES/RANS scheme is

@ N½k

@t
C

@ N½ Qu j k

@x j
D @

@x j

µ³
¹

3
C ¹t

¾k

´
@k

@x j

¶
C ¿i j

@ Qu i

@x j

¡ .1 ¡ 0/

³
1

Ck

¹t

N½2

@ N½
@ xi

@ NP
@ xi

C C1
N½k

¿½

C ¹³

´
¡ 0Cd N½

k
3
2

1

(34)

where

ºt D .1 ¡ 0/ºt;RANS C 0ºt;LES; 0 D tanh
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When l² ¿ ®11, 0 ! 0, and Eq. (34) reverts to Eq. (29). On the
other hand, when 0 ! 1, Eq. (34) provides a subgrid-scale model
for LES. When production balances dissipation in the LES region,
Eq. (34) yields a Smagorinsky-type subgrid eddy viscosity
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Both Cs and Cd are chosen as 0:01 in this work.6;8

Note that for the assumed eddy viscosities

l²

®11
»

ºt;RANS

ºt;LES
(37)

Numerical Procedure
The numerical scheme for solving the hybrid LES/RANS system

is similar to that used in Refs. 6 and 8. A second-order essentially
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nonoscillatory upwind method based on the low-diffusion � ux-
splitting scheme of Edwards23 is used to discretize the inviscid
� uxes, whereas central differences are employed for the viscous
and diffusion terms. A planar relaxation subiterationprocedure that
results in second-order temporal accuracy is used to integrate the
system. The code is parallelized using domain-decompositionand
message-passing-interface strategies and is optimized for the IBM
SP3 architecture in place at the North Carolina Supercomputing
Center.

Results and Discussion
Flat Plate

The in� ow � uctuation–generation method was tested � rst for
a � ow over a � at plate. The dimensions of the plate are
0:1 £ 0:092 £ 0:087 m. The grid size is 129 £ 129£ 65 in the � ow,
normal, and cross� ow directions.The entire domain is decomposed
into 8 £ 4 £ 2 blocks.The recycleplane is locatedsix cells upstream
of the out� ow boundary. The test conditions are those used for the
20-deg-ramp calculation of Ref. 8 and are given in Table. 1.

It turns out that there are a number of ways that the in� ow bound-
ary conditionsand blending functionscan be implemented.The cri-
terionused in selectinga proper procedureis to monitor the solution
at the recycle plane and to require that a statistically steady turbu-
lent � ow develop there over time. A number of approaches were
explored. The most satisfactory results were obtained by � xing the
mean � ow conditions at the in� ow plane and rescaling reintroduc-
ing only the � uctuation � elds, as discussed earlier. Furthermore, it
was found necessary to force the the blending function to be a non-
decreasing function as the distance from the wall increases. For the
simple grids used in this study, this was implemented by requiring
that

0 j D max.0 j ; 0 j¡1/ (38)

where j is the index of the grid cell in the normal direction. For
complex shapes the preceding requirement can be met by keeping
track of the normal distance to the nearest wall.

Figures 1 and 2 show pro� les of 0 and ¹t at the recycle plane
when Eq. (38) is not enforced,whereas Figs. 3 and 4 show the same

Table 1 In� ow conditions for � at-plate � ow

Parameter Value

M1 2:79
P1 , Pa 26,001
T1 , K 100:8
½1 , kg/m3 0:77
Re/m 7:2 £ 107

±, cm 3:0

Fig. 1 Pro� les of blending function ¡.

Fig. 2 Pro� les of eddy viscosity at the edge of boundary layer.

Fig. 3 Pro� les of blending function ¡.

Fig. 4 Pro� les of eddy viscosity.
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Fig. 5 Pro� les of u++ and ¡.

Fig. 6 Instantaneous temperature in x–y plane.

Fig. 7 Instantaneous temperature in y–z plane.

quantities when Eq. (38) is enforced. It is clear that statistically
steady solutionswere not obtained in Figs. 1 and 2 even after 50,000
iterations,whereas statistically steady solutionswere obtained after
10,000 iterationsin Figs. 3 and4. All of the calculationswere carried
out for 1 D 1m and a value of ®1 D 5. The value of ®1 determines
the locationwhere transition from a RANS region to an LES region
takes place. The choice of ®1 D 5 ensures that the transition takes
place within the log layer. Figure 5 shows a plot of uC and 0 vs
yC . It is seen that the resulting solution agrees well with the pro� le
calculatedfroma RANS code.Figures6 and 7 show contourplots of
instantaneoustemperature on the x–y and y–z planes, respectively.
Periodic boundary conditions are employed in the z direction in all
calculations presented here.

25-deg Compression–Expansion Ramp17;18

The schematic of the experiment together with relevant dimen-
sions is shown in Fig. 8. Two grids were employed in this investiga-
tion: a coarse grid that consists of 361 £ 109 £ 65 nodes in the � ow,
normal, and spanwise directions; and a � ne mesh that consists of
481£ 145 £ 65 nodes.Both grids are uniformly spaced in the x and
z directionsand are heavily clustered in the y direction,with yC < 1
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Table 2 In� ow condition at x = ¡3.3 cm
(25-deg compression–expansion ramp)

Parameter Value

M1 2:88
P1 , Pa 11,956
T1 , K 114:8
½1 , kg/m3 0:36
Re/m 3:24 £ 107

µ , mm 0:3
±, mm 4:1

Fig. 8 Zheltovodov 25-deg compression–expansion ramp.

Fig. 9 Combined initial solution: contour plot of u.

Fig. 10 Instantaneous streamwise velocity u distribution.

for the center of the � rst cell off the wall. In both cases the physi-
cal size of the grid in the z direction is 2:9±. The whole domain is
decomposedinto 12 £ 4 £ 2 equal-sizeblocksand solvedon 96 pro-
cessors using the IBM SP3. The in� ow conditions at x D ¡3:3 cm
are presented in Table 2. A two-dimensional RANS code was used
to obtain a steady-state solution, and the in� ow-plane pro� le was
selected by matching the computed momentum thickness with the
experimental value. The same geometry was the subject of a large-
eddy simulationconductedby Urbin et al.24 at Re± D 2 £ 104. Based
on the conditionsindicatedin Table2, thisReynoldsnumber is about
one order of magnitude lower than that of the experiment.
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a) ¹t/¹1 , ¡1

b) ¹t/¹1 , ¡2

Fig. 11 Mean eddy viscosity distribution.

As shown by Fan et al.,15 it might be dif� cult to induce a proper
LES/RANS response for shock/boundary-layer interactions if one
starts from a steady RANS solution without signi� cant structural
content. One reason is that, in the absence of RANS levels of
eddy viscosity, the separation zone can feed forward, eventually
contaminating the recycling plane. To avoid this problem, a new
starting procedure is developed. In this procedure an initial solu-
tion for the � at plate part is generated separately, using the pro-
cedure just outlined, whereas the region downstream of the corner
is initialized by the RANS solution. A representative starting pro-
� le is shown in Fig. 9, which shows the instantaneous velocity u
distribution.

The initial � at-plate solution does not need to have reached a
statistically steady state, as the � at-plate � ow will evolve further as
part of the combined � at-plate/ramp solution. One can monitor the
rms mass � ux � uctuations, that is,

q
h½u 00i2 ¼

q
h½ui2 ¡ h½ui2

(39)

at the recycle plane and use the resulting solution as the initial
solution when the preceding quantity is about 0:08½1u1 .

Two sets of calculations were carried out. In the � rst, 1 D 1m ,
and thecorresponding0 is labeledas 01 . In the second,1 D 1v , and
the corresponding0 is labeled as 02. Results from these two sets of
calculations,which represent averagevalues over 40,000 iterations,
are presented and compared with the RANS k ¡ ³ solution and
with experimental data. It should be noted that 10,000 iterations
correspond to 2.3 characteristic times, which is the time it takes
for a particle to traverse the domain with a velocity equal to the
freestream velocity.

Figure 10 shows a typical instantaneousstreamwise velocity dis-
tribution after 40,000 iterations. The large size of eddies in the

Fig. 12 Skin-friction distribution.

incoming boundary layer is evident. Other features in this � ow
include the leading shock wave generated by the � ow separation
aroundthe compressioncornerand an embeddedshockwave caused
by the � ow reattachment onto the ramp surface.

Time-averagededdyviscositycontoursin Fig. 11 indicate that the
02 scheme is characterized by a lower eddy viscosity. This means
that the LES/RANS junctureis shiftedcloserto the wall, and moreof
the � ow is modeled using the LES strategy.Figures 12–14 compare
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Fig. 13 Wall-pressure distribution.

a) Separation region

b) Recovery region

Fig. 14 Comparison of velocity pro� les for the coarse grid.

predictionsof skin-frictioncoef� cient, surface pressure, and veloc-
ity pro� les with experimental data. As shown in Fig. 12, the 02

scheme predicts a smaller region of axial separation and gives a
lower skin friction in the recovery region, compared with the 01

scheme. Figure 13 shows that the 02 scheme results in a lower
pressure in the separationregion, indicatingthat the initial displace-
ment effect of the separation bubble is not as pronounced as in the
RANS calculationor in the 01 scheme. The upstreamextent of axial

a) Separation region

b) Recovery region

Fig. 15 Effect of grid re� nement on velocity pro� les: ¡2 scheme.

separationis overpredictedby the01 scheme,whereasthe02 scheme
and the RANS calculation yield reasonable agreement with the ex-
perimental data. Overall, neither hybrid strategy shows as good of
an agreementwith experimentaldata as does the RANS k–³ model.

Figure 14 compares predicted axial velocity magnitude pro� les
within the separation and recovery regions with experimental data.
The experimental data do not indicate negative axial velocities, but
it can be assumed that the “cusps” evident in the pro� les upstream
of the ramp apex delineate the outer edge of the back� ow region.
In the � gure y0 D y ¡ ywall, and x 0 is measured along the surface
from the corner of the compression ramp. The 02 scheme, where
the LES region is larger, resolves the inner back� ow structure in the
two stationsupstream of the compressioncorner, but the 01 scheme
does not.At the stationdownstreamof the corner(x 0 D 0:5 cm), none
of the hybrid schemes is able to predict the back� ow structure. The
RANS solution predicts the structure, but the size of the back� ow
region is not as large as that found in the experiment. On the other
hand, the hybridschemes predict the rapid recoveryof the inner part
of the boundary layer downstreamof reattachment,especially close
to the wall. The RANS model severely underpredicts the recovery
rate.

A grid-re� nement study was carried out for the 02 scheme,
with the resolution increasing from 361 £ 109 £ 65 nodes to
481£ 145 £ 65 nodes. Insigni� cant differences were found for the
skin-friction and pressure distributions. However, Fig. 15 shows
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somedifferencesin thevelocitypro� leswithin the separationregion.
The in� ow boundarylayer is more energeticwhen the grid is re� ned,
and this results in a slight shrinking of the separation region. In the
recovery region, grid re� nement results in better agreement with
experiment, especially in the outer region of the boundary layer.

Conclusions
In this study a rescaling-reintroducing method for generating

turbulent in� ow conditions has been modi� ed and extended for
use with large-eddy simulation/Reynolds-averaged Navier–Stokes
(LES/RANS) hybrid schemes. By using monotone blending func-
tions and by only recycling the � uctuation � eld, the modi� ed pro-
cedure is capable of generating the necessary turbulence structure
and maintaining the desired mean in� ow pro� les.

Using this method, the scheme has been used to simulate Zhel-
tovodov’s 25-degcompression–expansionramp experiment.To pre-
vent the initial rapid growth of the separation bubble when starting
from a RANS solution (but with subgrid levels of eddy viscosity),a
special starting procedurehas been implemented. In this procedure
a hybrid LES/RANS solution for the � at-plate portion of the con-
� guration is coupled with a RANS solution for the ramp portion to
initializethe whole � ow� eld. The advantageof this procedureis that
it can effectively keep the initial separation bubble from reaching
the recycleplane so that the in� ow � uctuation–generationprocedure
can work properly without downstream in� uence.

Although the hybrid schemes did not show much improvement
over the RANS scheme in the separated region, much improve-
ment is indicated in the recovery region. Because � ows in sep-
arated region might be highly unsteady in the mean, part of the
discrepancy might be a result of differences in determining mean
values in the experimentand computation.Analysisof the probabil-
ity density functions of the shock-wave motion frequency reveals
that the mean location of the shock wave determined from mean
surface pressure is quite different from the most probable value.
This might explain the source of the discrepancy in the separated
region.

The present work demonstrates that hybrid LES/RANS methods
can work well for supersonic separated � ows in which there is no
clear demarcation between LES and RANS regions. Moreover, it
provides a way for LES methods to address complex � ows at high
Reynolds numbers.
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